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KKP CONJECTURE FOR MINIMAL ADJOINT ORBITS
E. BALLICO, E. GASPARIM, F. RUBILAR, L. A. B. SAN MARTIN
Abstract. We prove that LG models for minimal semisimple adjoint
orbits satisfy the Katzarkov–Kontsevich–Pantev conjecture about new
Hodge theoretical invariants.
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1. KKP conjecture and our result
The Katzarkov–Kontsevich–Pantev conjecture is a numerical prediction
expected to follow from the Homological Mirror Symmetry conjecture of
Kontsevich, a master conjecture predicting a wide range of categorical equiv-
alences which so far have been established in only a few cases.
In [KKP] three types of new Hodge theoretical invariants were defined:
fp,q(Y,w), hp,q(Y,w), ip,q(Y,w),
for tamely compactifiable Landau–Ginzburg (LG) models w : Y → C; we
recall the definitions in 2,3,5,7,9. [KKP] proved that these numbers satisfy
the identities
dimHm(Y, Yb;C) =
∑
p+q=m
ip,q(Y,w) =
∑
p+q=m
hp,q(Y,w) =
∑
p+q=m
fp,q(Y,w),
where Yb is a smooth fiber of w, and conjectured the equality of the 3 invari-
ants.
1
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Conjecture. [KKP, LP] Assume that (Y,w) is a Landau–Ginzburg model
of Fano type. Then for every p, q there are equalities
hp,q(Y,w) = fp,q(Y,w) = ip,q(Y,w).
For Y a specific rational surface with a map w : Y → C such that the
generic fiber is an elliptic curve [LP] Lunts and Przyjalkowski proved the
equality fp,q(Y,w) = hp,q(Y,w) and gave an example where ip,q(Y,w) 6=
hp,q(Y,w). In [Sh] Shamoto gave sufficient conditions for a tamely com-
pactifiable LG models to satisfy fp,q(Y,w) = hp,q(Y,w). In [CP] Cheltsov
and Przyjalkowski proved the conjecture for Fano threefolds. There remains
open the question of what varieties satisfy the KKP conjecture.
The goal of this paper is to provide examples of LG models coming from
Lie theory that do satisfy the KKP conjecture. Our examples will use some
of the symplectic Lefschetz fibrations constructed in [GGSM1], which we
now recall.
Let g be a complex semisimple Lie algebra with Lie group G, and h the
Cartan subalgebra. Consider the adjoint orbit O(H0) of an element H0 ∈ h,
that is,
O(H0) := {Ad(g)H0, g ∈ G}.
Let H ∈ hR be a regular element, and 〈·, ·〉 the Cartan–Killing form. Then
[GGSM1, Thm. 2.2] shows that the height function
fH : O(H0) → C
X 7→ 〈H,X〉
(1)
gives the orbit the structure of a symplectic Lefschetz fibration.
Here we consider the case of G = SL(n + 1,C) and focus on the adjoint
orbit passing through H0 = Diag(n,−1, . . . ,−1). The diffeomorphism type
is then O(H0) ≃ T
∗Pn. Among all choices of elements H0 ∈ h ⊂ sl(n+1,C),
the choice H0 = Diag(n,−1, . . . ,−1) produces the homogeneous manifold
of smallest dimension, for this reason we set the following terminology:
Definition 1. LetOn denote the adjoint orbit ofH0 = Diag(n,−1, . . . ,−1)
in sl(n+ 1,C), we call it the minimal orbit.
For every n ≥ 2 and for every choice of regular element H ∈ h, we prove:
Theorem. The LG model (On, fH) admits a tame compactification and
satisfies the KKP conjecture.
Since the 3 Hodge theoretical invariants fp,q(Y,w), hp,q(Y,w), ip,q(Y,w), of
our LG models coincide, we may depict diamonds containing their common
values, that we name KKP diamonds. For our examples, these turn out to
have a unique nonzero entry. Thus, our Lie theoretical constructions give
rise to LG models where computations of Hodge theoretical invariants turn
out rather simple, which is arguably the best feature of the LG models we
present here. It is at this moment unknown how KKP invariants behave for
LG models on more general adjoint orbits.
2. Landau–Ginzburg Hodge numbers
This section is just a summary of parts of the nicely written text of [LP].
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Definition 2. A Landau–Ginzburg model is a pair (Y,w), where
(1) Y is a smooth complex quasi-projective variety with trivial canonical
bundle KY ;
(2) w : Y → C is a morphism with a compact critical locus crit(w) ⊂ Y .
Definition 3. [KKP] A tame compactified Landau–Ginzburg model is the
data ((Z, f),DZ ), where
(1) Z is a smooth projective variety and f : Z → P1 is a flat morphism.
(2) DZ = (∪iD
h
i ) ∪ (∪jD
v
j ) is a reduced normal crossings divisor such
that
(i) Dv = ∪jD
v
j is a scheme theoretical pole divisor of f , i.e. f
−1(∞) =
Dv. In particular ordDv
j
(f) = −1 for all j;
(ii) each component Dhi of D
h = ∪iD
h
i is smooth and horizontal for
f , i.e. f |Dh
i
is a flat morphism;
(iii) The critical locus crit(f) ⊂ Z does not intersect Dh.
(3) DZ is an anticanonical divisor on Z.
One says that ((Z, f),DZ ) is a compactification of the Landau–Ginzburg
model (Y,w) if in addition the following holds:
(4) Y = Z \DZ , f |Y = w.
Assume that we are given a Landau–Ginzburg model (Y,w) with a tame
compactification ((Z, f),DZ ) as above. We denote by n = dim Y = dimZ
the (complex) dimension of Y and Z. Choose a point b ∈ C which is near∞
and such that the fiber Yb = w
−1(b) ⊂ Y is smooth. In [KKP] the authors
define geometrically the numbers ip,q(Y,w), hp,q(Y,w), fp,q(Y,w). Let us
recall the definitions.
2.1. fp,q(Y,w). Recall the logarithmic de Rham complex Ω•Z(log DZ). Namely,
ΩsZ(log DZ) = ∧
sΩ1Z(log DZ) and Ω
1
Z(log DZ) is a locally free OZ -module
generated locally by
dz1
z1
, . . . ,
dzk
zk
, dzk+1, . . . , dzn
if z1 · . . . · zk = 0 is a local equation of the divisor DZ . Hence in particular
Ω0Z(log DZ) = OZ .
The numbers fp,q(Y,w) are defined using the subcomplex Ω•Z(log DZ , f) ⊂
Ω•Z(log DZ) of f -adapted forms, which we recall next.
Definition 4. For each a ≥ 0 define a sheaf ΩaZ(log DZ , f) of f -adapted
logarithmic forms as a subsheaf of ΩaZ(log DZ) consisting of forms which stay
logarithmic after multiplication by df . Thus
ΩaZ(log DZ , f) = {α ∈ Ω
a
Z(log DZ) | df ∧ α ∈ Ω
a+1
Z (log DZ)},
where one considers f as a meromorphic function on Z and df is viewed as
a meromorphic 1-form.
Definition 5. The Landau–Ginzburg Hodge numbers fp,q(Y,w) are de-
fined as follows:
fp,q(Y,w) = dimHp(Z,ΩqZ(log DZ , f)).
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2.2. hp,q(Y,w). Let N : V → V be a nilpotent operator on a finite dimen-
sional vector space V such that Nm+1 = 0. Such data defines a canonical
(monodromy) weight filtration centered at m, W =W•(N,m) of V
0 ⊂W0(N,m) ⊂W1(N,m) ⊂ . . . ⊂W2m−1(N,m) ⊂W2m(N,m) = V
with the properties
(1) N(Wi) ⊂Wi−2,
(2) the map N l : grW,mm+l V → gr
W,m
m−l V is an isomorphism for all l ≥ 0.
Let S1 ≃ C ⊂ P1 be a loop passing through the point b that goes once
around∞ in the counter clockwise direction in such a way that there are no
singular points of w on or inside C. It gives the monodromy transformation
T : H•(Yb)→ H
•(Yb)
and also the corresponding monodromy transformation on the relative coho-
mology
T : H•(Y, Yb)→ H
•(Y, Yb). (2)
in such a way that the sequence
. . .→ Hm(Y, Yb)→ H
m(Y )→ Hm(Yb)→ H
m+1(Y, Yb)→ . . .
is T -equivariant, where T acts trivially on H•(Y ). Since we assume that
the infinite fiber f−1(∞) ⊂ Z is a reduced divisor with normal crossings, by
Griffiths–Landman–Grothendieck Theorem see [Ka]) the operator T : Hm(Yb)→
Hm(Yb) is unipotent and (T − id)
m+1 = 0. It follows that the transformation
(2) is also unipotent. Denote by N the logarithm of the transformation (2),
which is therefore a nilpotent operator on H•(Y, Yb). One has N
m+1 = 0.
Definition 6. We say that the Landau–Ginzburg model (Y,w) is of Fano
type if the operator N on the relative cohomology Hn+a(Y, Yb) has the fol-
lowing properties:
(1) Nn−|a| 6= 0,
(2) Nn−|a|+1 = 0.
The above definition is motivated by the expectation that the Landau–
Ginzburg model of Fano type usually appears as a mirror of a projective
Fano manifold X.
Definition 7. [LP, Def. 8] Assume that (Y,w) is a Landau–Ginzburg
model of Fano type. Consider the relative cohomology H•(Y, Yb) with the
nilpotent operator N and the induced canonical filtration W . The Landau–
Ginzburg numbers hp,q(Y,w) are defined as follows:
hp,n−q(Y,w) = dim grW,n−a2(n−p) H
n+p−q(Y, Yb) if a = p− q ≥ 0,
hp,n−q(Y,w) = dim grW,n+a2(n−q) H
n+p−q(Y, Yb) if a = p− q < 0.
Remark 8. Definition 7 differs from [KKP, Definition 3.2]
hp,q(Y,w) = dim grW,p+qp H
p+q(Y, Yb) (3)
by the indices of the grading.
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2.3. ip,q(Y,w). For each λ ∈ C one has the corresponding sheaf φw−λCY
of vanishing cycles for the fiber Yλ. The sheaf φw−λCY is supported on
the fiber Yλ and is equal to zero if λ is not a critical value of w. From
the works of Schmid, Steenbrink, and Saito it is classically known that the
constructible complex φw−λCY carries a structure of a mixed Hodge module
and so its hypercohomology inherits a mixed Hodge structure. For a mixed
Hodge module S we will denote by ip,qS the (p, q) Hodge numbers of the
p+ q weight graded piece grWp+qS.
Definition 9. Assume that the horizontal divisor Dh ⊂ Z is empty, i.e.
assume that the map w : Y → C is proper. Then
(1) the Landau–Ginzburg Hodge numbers ip,q(Y,w) are defined as fol-
lows:
ip,q(Y,w) =
∑
λ∈C
∑
k
ip,q+kHp+q−1(Yλ, φw−λCY ).
(2) In the general case denote by j : Y →֒ Z the open embedding and
define similarly
ip,q(Y,w) =
∑
λ∈C
∑
k
ip,q+kHp+q−1(Yλ, φw−λRj∗CY ).
3. Lie theoretical compactification
Let g be a noncompact semisimple Lie algebra (not necessarily complex)
with group G. A compactification of O(H0) to a product of flags FΘ × FΘ∗
is described in [GGSM2, Sec. 3]. We now describe the orbits of the diagonal
action of G in this product. For the case considered here, the one of minimal
orbits, we will have FΘ = P
n ≃ Gr(n, n+ 1) = FΘ∗ , see example 10.
Let Σ be a system of simple roots of (g, a) (where g = k ⊕ a ⊕ n+ is
an Iwasawa decomposition) and Θ ⊂ Σ a subset of roots, cf. example 11.
Choose HΘ defined by Θ = {α ∈ Σ : α (HΘ) = 0}, then set
n+HΘ =
∑
α(HΘ)>0
gα, n
−
HΘ
=
∑
α(HΘ)<0
gα
and take the parabolic subalgebra
pΘ =
∑
λ≥0
gλ = zΘ ⊕ n
+
HΘ
where λ varies over the eigenvalues of ad (HΘ) and zΘ is the centralizer of
HΘ. The dual of Θ is by definition
Θ∗ := −w0 (Θ) ⊂ Σ
where w0 is the main involution of the Weyl group W. Set
qΘ∗ =
∑
λ≤0
gλ = zΘ ⊕ n
−
HΘ
,
the parabolic subalgebra of g conjugate to pΘ∗ . In fact, qΘ∗ = Ad (w0) (pΘ∗)
where w0 is a representative of the main involution w0 in NormG (a), and
this is precisely the reason to consider here the dual flag FΘ∗ .
The parabolic subgroups PΘ and PΘ∗ are the normalizers of pΘ and pΘ∗
respectively. Their flags are FΘ = G/PΘ and FΘ∗ = G/PΘ∗ .
KKP CONJECTURE FOR MINIMAL ADJOINT ORBITS 6
Denote by bΘ = 1 · PΘ the origin of FΘ = G/PΘ and by bΘ∗ = 1 ·PΘ∗ the
origin of FΘ∗ = G/PΘ∗ . If w ∈ W then wbΘ (respectively wbΘ∗) denotes
the image of bΘ by w (actually, the image wbΘ of any representative w ∈
NormG (a) of w).
The diagonal action is given by g (x, y) = (gx, gy), g ∈ G, x ∈ FΘ and
y ∈ FΘ∗. The following statements describe the diagonal action and its
properties.
(1) Orbits of the diagonal action have the form G · (bΘ, wbΘ∗) with w ∈
W.
In fact, given (x, y) ∈ FΘ × FΘ∗ there exists g ∈ G such that
x = gbΘ. Therefore, (x, y) is in the orbit of (bΘ, z) for some z ∈ FΘ∗ .
On the other hand FΘ∗ is the union of orbits N
+ · wbΘ∗ , w ∈ W.
Thus, z ∈ N+ ·wbΘ∗ ⊂ PΘ ·wbΘ∗ for some w ∈ W. This shows that
any (x, y) belongs to an orbit G · (bΘ, wbΘ∗) for some w ∈ W.
Note that for different w ∈ W it might happen that the orbits
G · (bΘ, wbΘ∗) coincide.
(2) Dualizing, it follows that orbits of the diagonal action are of the form
G·(wbΘ, bΘ∗) with w ∈ W. The two descriptions are equivalent, since
(wbΘ, bΘ∗) and
(
bΘ, w
−1bΘ∗
)
belong to the same orbit.
(3) The two previous items show that the diagonal action has only a
finite number of orbits.
Actually, the orbits G · (bΘ, wbΘ∗) are in bijection with the orbits
PΘ ·wbΘ∗ , which are all the orbits of PΘ in FΘ∗ . They are as well in
bijection with the orbits PΘ∗ ·wbΘ which are the orbits of PΘ∗ in FΘ.
In fact, if (bΘ, wbΘ∗) and (bΘ, w1bΘ∗) belong to the same orbit, then
there exists g ∈ G such that g (bΘ, wbΘ∗) = (bΘ, w1bΘ∗). This means
that gbΘ = bΘ, that is, g ∈ PΘ. Consequently wbΘ∗ = gw1bΘ∗ with
g ∈ PΘ, that is, wbΘ∗ and w1bΘ∗ belong to the same orbit of PΘ.
Reciprocally, if wbΘ∗ and w1bΘ∗ are in the same orbit of PΘ then
(bΘ, wbΘ∗) and (bΘ, w1bΘ∗) belong to the the same orbit of G.
Example 10. If FΘ is a projective space (real or complex) P
n, then FΘ∗ is the
Grassmannian Gr (n, n+ 1). In the language of roots, Θ is the complement
of {α12} and Θ
∗ is the complement of {αn,n+1}.
Taking the basis {e1, . . . , en+1}, in the canonical realization, bΘ = [e1]
whereas bΘ∗ = [e1, . . . , en]. An element w ∈ W is a permutation, so that wbΘ
(respectively wbΘ∗) is obtained from bΘ (respectively bΘ∗) by permutation of
the indices. For instance, w0 [e1] = [en+1] and w0bΘ∗ = [e2, . . . , en+1] since
w0 inverts the order of the indices.
In this case PΘ is the group of (n+ 1)× (n+ 1) matrices of type(
∗1×1 ∗
0 ∗n×n
)
.
It has two orbits in Gr (n, n+ 1). They are:
(1) The hyperplanes containing [e1], that is, the orbit of bΘ∗ = [e1, . . . , en].
In fact, such a hyperplane is determined by its intersection with
[e2, . . . , en+1] and the subgroup of matrices(
∗1×1 0
0 ∗n×n
)
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is transitive already in the Grassmannian of subspaces of dim = n−1
in [e2, . . . , en+1].
(2) The hyperplanes transversal to [e1], that is, the orbit of w0bΘ∗ =
[e2, . . . , en+1]. In fact, if V is a hyperplane transversal to [e1] then
the matrix g ∈ PΘ whose columns from 2 to n+1 are the coordinates
of a basis {v2, . . . , vn+1} of V satisfies g [e2, . . . , en+1] = V .
In conclusion, the diagonal action of SL (n+ 1, ∗) in Pn×Gr (n, n+ 1) has
two orbits, an open one and a closed one. The open orbit is isomorphic to
the adjoint orbit Ad (G)HΘ with HΘ = Diag(n,−1, . . . ,−1) and is formed
by the pairs of transversal elements in Pn × Gr (n, n+ 1). On the other
hand, the closed orbit is isomorphic to the flag FΘ∩Θ∗ . Since Θ ∩Θ
∗ is the
complement of {α12, αn,n+1} it follows that FΘ∩Θ∗ = F (1, n).
Example 11. FΘ = Gr (k, n+ 1) and FΘ∗ = Gr (n+ 1− k, n + 1), real or
complex (it is preferable to assume k < (n + 1)/2). In terms of roots,
Θ is the complement of {α12, . . . , αk−1,k} and Θ
∗ is the complement of
{αk,k+1, . . . , αn,n+1}. In Gr (k, n+ 1)×Gr (n+ 1− k, n+ 1) there exist k+1
orbits of the diagonal action determined by the pairs (V,W ) ∈ Gr (k, n+ 1)×
Gr (n+ 1− k, n+ 1) such that dim (V ∩W ) = 0, 1, . . . , k. The orbit deter-
mined by dim (V ∩W ) = 0 is the open orbit (transversal pairs) whereas
the closed orbit is given by dim (V ∩W ) = k, that is V ⊂ W . This closed
orbit is the flag F (k, n+ 1− k) given by FΘ with Θ the complement of
{αk,k+1, αn+1−k,n+1−k+1}.
Example 12. FΘ = F the maximal flag is self-dual (for any group). The
orbits of PΘ = P are the same as the orbit of N
+ which give the Bruhat
decomposition. In this case the closed orbit is F itself.
4. Partial extension of the potential
Next we describe how get our LG-models. Let H = Diag(λ1, . . . , λn) ∈
sl(n,C) be a regular element so that all λi are distinct. So we consider the
Landau–Ginzburg models (On, fH) where On is the adjoint orbit of H and
fH is the height function described in [GGSM1].
Notation 13. We denote by LGn the Landau–Ginzburg model (On, fH).
We are looking for a tame compactification LGn = (Z,w) such that Z \
D = On for some divisor D and such that w is a holomorphic extension of
fH .
In this section we accomplish an intermediate step of the construction,
namely, that of describing an extension of fH to a rational map RH defined
in codimension 2 on the compactification Pn×Pn from example 10. We also
verify that the critical points of RH coincide with those of fH outside of the
indeterminacy locus I (Def. 17), once this is done we can then obtain a
holomorphic extension after blowing up I, which we will do in section 5.
4.1. LG2. Let H ∈ sl(2,C) be the diagonal matrix
H =
(
λ1 0
0 λ2
)
,
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and O2 its adjoint orbit. As we said at the beginning of this section, the
adjoint orbit is promoted to a Landau–Ginzburg model by adding the po-
tential fH . Accordingly, if A =
(
x1 y2
x2 y1
)
(the awkward notation chosen so
that the answer matches the expression appearing in 4.2), the potential then
reads:
fH(A) = λ1x1 + λ2x2.
The case λ1 = 1, λ2 = −1 was studied extensively in [BBGGSM] and the
absence of projective mirrors for LG2 and for its compactification LG2 was
shown.
We modify the notation so that generalizations to higher dimensions be-
come apparent. Hence, we set H =
(
λ1 0
0 λ2
)
.
The compactification LG2 is obtained by taking the manifold P
1 × P1
together with the potential
RH([x1 : x2], [y1 : y2]) = [λ1x1y1 + λ2x2y2 : x1y1 − x2y2].
that coincides with fH on the orbit, that is, RH |O2 reads
([x1 : x2], [y1 : y2]) 7→ [fH : 1].
Outside the orbit, RH is defined as
([x1 : x2], [y1 : y2]) 7→ [2x1y1 : 0],
except at the points of the indeterminacy locus
I = {P1, P2},
where P1 = ([1 : 0], [1 : 0]) and P2 = ([0 : 1], [0 : 1]), are the coordinate
points, where the map is ill defined because
RH(P1) = RH(P2) = [0 : 0] /∈ P
1.
The tame compactification is then obtained by setting LG2 = (Z,w)
where Z is the blow up of P1 × P1 at the points P1 and P2. We take
coordinates [r : s] on the target of
π3 : P
1 × P1 × P1 → P1
and consider the graph Γ of RH inside the product. We denote by Z := Γ the
closure of Γ in the product, hence Z is the surface cut out inside P1×P1×P1
by
s(xw + yz) = r(xw − yz)
and
w := π3|Z .
4.2. LG3. As described in example 10, the adjoint orbit O3 compactifies to
the product P2 × P2 as the open orbit of the diagonal action of SL(3,C).
This action has as closed orbit the divisor D = F (1, 2) and we have P2 ×
P2 \ F (1, 2) ≃ O3.
If H = Diag(λ1, λ2, λ3), the rational map RH extending fH to P
2 × P2 is
described in [BGGSM] as
RH(v ⊗ ε) =
tr((v ⊗ ε)ρ(H))
tr(v ⊗ ε)
=
KKP CONJECTURE FOR MINIMAL ADJOINT ORBITS 9
=
λ1a11(a33a22 − a23a32) + λ2a21(a13a32 − a33a12) + λ3a31(a23a12 − a13a22)
a11(a33a22 − a23a32) + a21(a13a32 − a33a12) + a31(a23a12 − a13a22)
.
We set the notation:
(x1 : x2 : x3) := (a11 : a21 : a31)
(y1 : y2 : y3) := (a33a22 − a23a32 : a13a32 − a33a12 : a23a12 − a13a22).
So that we can reinterpret RH as a rational map defined over P
2 × P2 with
homogeneous coordinates [(x1 : x2 : x3), (y1 : y2 : y3)], given by
RH [(x1 : x2 : x3), (y1 : y2 : y3)] =
λ1x1y1 + λ2x2y2 + λ3x3y3
x1y1 + x2y2 + x3y3
.
Here the denominator vanishes precisely over the flag manifold, that is
F (1, 2) = {[(x1 : x2 : x3), (y1 : y2 : y3)] ∈ P
2 × P2;x1y1 + x2y2 + x3y3 = 0}.
The indeterminacy locus I of RH , is the divisor in F (1, 2) given by
I = {[(x1 : x2 : x3), (y1 : y2 : y3)] ∈ F (1, 2);λ1x1y1 + λ2x2y2 + λ3x3y3 = 0}.
To describe the geometry of I we consider the Jacobian matrix J of the
polynomials that define it. This gives:
J =
(
λ1y1 λ2y2 λ3y3 λ1x1 λ2x2 λ3x3
y1 y2 y3 x1 x2 x3
)
.
Lemma 14. The Jacobian matrix J has rank 2 everywhere on I, therefore
I is smooth.
Proof. Consider the 2×2 determinants that contain the coordinate y1. These
are: 

(λ1 − λ2)y1y2
(λ1 − λ3)y1y3
(λ1 − λ2)y1x2
(λ1 − λ3)y1x3.
For J to have rank lower than 2 these all must vanish. Because we have
chosen the λi all distinct, if y1 6= 0 we then obtain the unique solution
[(1 : 0 : 0), (1 : 0 : 0)] which does not belong to I. So, we conclude that we
must have y1 = 0. But the equations are symmetric and we can repeat the
reasoning with the other variables. We conclude that J has full rank at all
points of I, which is therefore smooth. 
We now discuss the critical points of RH at the points where it is defined.
Lemma 15. The rational map RH has no critical points on F (1, 2) \ I.
Proof. We will work with Lagrange multipliers in C3 × C3 and then apply
the result to the product P2 × P2. We are looking for critical points of the
potential fH = λ1x1y1+λ2x2y2+λ3x3y3 assuming λ
′
is are all different such
that λ1 + λ2 + λ3 = 0 subject to the condition x1y1 + x2y2 + x3y3 = 0. Call
g = x1y1 + x2y2 + x3y3
our constraint function. So that, writing the parameter as a new variable t
we need to find critical points of
F = fH − tg = (λ1 − t)x1y1 + (λ2 − t)x2y2 + (λ3 − t)x3y3
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which is easy to solve. By the method of multipliers we need now to find
critical points of F by solving the system:

∂F
∂x1
= (λ1 − t)y1 = 0
∂F
∂x2
= (λ2 − t)y2 = 0
∂F
∂x3
= (λ3 − t)y3 = 0
∂F
∂y1
= (λ1 − t)x1 = 0
∂F
∂y2
= (λ2 − t)x2 = 0
∂F
∂y3
= (λ3 − t)x3 = 0
∂F
∂t
= x1y1 + x2y2 + x3y3 = 0.
A nontrivial solution of the system can only occur if t = λi for some
i = 1, 2, 3, else we would have [(x1 : x2 : x3), (y1 : y2 : y3)] = [(0 : 0 : 0), (0 :
0 : 0)]. Suppose t = λ1, then we still must have that x2 = x3 = y2 = y3 = 0,
which in homogeneous coordinates implies
[(x1 : x2 : x3), (y1 : y2 : y3)] = [(1 : 0 : 0), (1 : 0 : 0)],
but then the last equation is not satisfied. Similarly for t = λ2 and t = λ3.
We conclude that F has precisely 3 critical points, which are
[(1 : 0 : 0), (1 : 0 : 0)], [(0 : 1 : 0), (0 : 1 : 0)], [(0 : 0 : 1), (0 : 0 : 1)],
which lie outside F (1, 2), and they correspond in fact to the 3 critical points
of fH on O3. The lemma does not verify points of I because RH is not
defined there. 
4.3. LGn. Our rational map is described in [GGSM2, Sec. 4.2] as
RH : P
n ×Gr(n, n + 1)→ P1, (4)
RH([v], [ε]) =
tr((v ⊗ ε)ρ(H))
tr(v ⊗ ε)
=
∑n+1
i=1 λiai1(adj g)1i∑n+1
i=1 ai1(adj g)1i
. (5)
On Pn × Pn using bihomogeneous coordinates x1, . . . , xn+1, y1, . . . , yn+1 we
have:
RH([x1, . . . , xn+1], [y1, . . . , yn+1]) =
[
n+1∑
i=1
λixiyi,
n+1∑
i=1
xiyi
]
.
For the general case, we have the following definitions:
Definition 16. The flag variety F (1, n) is the hyperplane section of Pn×Pn
defined by:
x1y1 + · · ·+ xn+1yn+1 = 0.
Definition 17. The indeterminacy locus I is given by:
I := F (1, n) ∩ {λ1x1y1 + · · ·+ λn+1xn+1yn+1 = 0}.
We then write a Jacobian matrix
J =
(
λ1y1 . . . λn+1yn+1 λ1x1 . . . λn+1xn+1
y1 . . . yn+1 x1 . . . xn+1
)
,
and direct generalization of lemmas 14 and 15 then prove:
Lemma 18. I is smooth and RH has no critical points on F (1, n) \ I.
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Furthermore, the generalization of the proof of lemma 15 shows that RH
has critical points on the coordinate points (ei, ei), that is, those points
[x1, . . . , xn+1], [y1, . . . , yn+1] with only 2 nonzero coordinates xi, yj with i = j
and these lie outside F (1, n) and correspond to the critical points of fH . The
lemma does not verify points of I where the map is ill defined.
Lemma 19. ωI ∼= OI(−n+ 1,−n+ 1).
Proof. I is given as the intersection of 2 divisors of type (1, 1) in Pn × Pn,
namely, x1y1 + . . . + xn+1yn+1 = 0 and λ1x1y1 + . . . + λn+1xn+1yn+1 = 0,
thus adjunction formula gives ωI ∼= OI(−n+ 1,−n + 1). 
5. Holomorphic extension of the potential
The blowing up Z of Pn × Pn along I is obtained as follows:
Take P1 with homogeneous coordinates [t : s]. The pencil {tg+ sfH}t,s∈C
induces a rational map Pn × Pn 99K P1 with I as its indeterminacy locus.
Call Z the closure of the graph of this map. So we get a map
w : Z ⊂ Pn × Pn × P1 → P1
(x1, . . . , xn+1, y1, . . . , yn+1, t, s) 7→ [t : s].
Note that if s 6= 0 then
[t : s] =
[
t
s
: 1
]
=
[
fH
g
: 1
]
= [fH : g]
where the middle equality holds since tg = sfH , and g = 1 over the orbit
On because in fact g = det(Aij) with A ∈ SL(n,C). Thus, we obtain:
Lemma 20. The map w : Z → P1 is a holomorphic extension of fH. The
critical points of w coincide with the critical points of fH .
Z
On P
n × Pn
P1
pi
i
fH
RH
Proof. We know by Lemma 18 that the indeterminacy locus I is smooth. We
want to show that w has no critical points over E. Since surjectivity of the
derivative is a local question, it is enough to analyze an open neighborhood of
the point in question (the analytic topology is sufficient, though the Zariski
topology will work as well).
As an example, we take a point p in E mapping to the coordinate point
P = ([1 : 0 : . . . : 0], [0 : 1 : . . . : 0]) ∈ I by the blow down map, hence
p = ([1 : 0 : . . . : 0], [0 : 1 : . . . : 0][t0 : s0]). We take the open neighborhood
U12 = {x1 6= 0, y2 6= 0} ⊂ P
n × Pn
of the point P . In this neighborhood the defining equations for S = I ∩U12
become{
f = λ1Y1 + λ2X2 + λ3X3Y3 + · · · + λn+1Xn+1Yn+1 = 0
g = Y1 +X2 +X3Y3 + · · ·+Xn+1Yn+1 = 0
,
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whereXi = xi/x1, Yi = yi/y2, and hence the local expressions for f and g are
nonsingular. Since S is a smooth submanifold of U12 ≃ C
2n of codimension
2, we can change coordinates to ∆ = C[Z1, . . . , Z2n] so that
Z2n−1 = f, Z2n = g
and therefore S is cut out inside ∆ as the linear submanifold Z2n−1 = Z2n =
0. Now, following [GH, P. 603], we know that an extension of w is defined
over ∆˜ by (w(z), l′) where
l′ =
(
∂w
∂Z2n−1
t,
∂w
∂Z2n
s
)
.
Now consider the chart on the target P1 where s 6= 0, then on ∆˜\E we have
w = f/g = t/s, with s 6= 0 hence g 6= 0 thus
l′ =
(
∂f/g
∂f
t0,
∂f/g
∂g
s0
)
= (t0/g,−s0f/g
2).
So, that w|S can be extended over E to
w|S(z, l
′) = (w(z), (t0/g,−s0f/g
2)
without critical points. We conclude that P is not a critical point of w.
Now, generalization to other coordinate points is evident, and generalizing
to more general points of E come automatically because every point on E
belongs to an open neighborhood of some coordinate point, and calculations
will get us to points (t0, s0) with neither of the coordinates vanishing. In
all cases we conclude surjectivity of the derivative, hence w has no critical
points on E. 
We then conclude that w : Z → P1 is the desired tame compactification
of our LG model.
6. Hodge structures for the adjoint orbits
The following results will be used to show that the adjoint orbits have
pure Hodge structures.
Theorem 21. [D, Thm.1] Let X and Y be smooth complex projective vari-
eties, and suppose that X = X1 ∪ · · · ∪Xn and Y = Y1∪ · · · ∪Yn are disjoint
unions of quasiprojective subvarieties. Suppose that Xi is algebraically iso-
morphic to Yi for all i. Then the Betti numbers of X and Y are equal and
in fact their Hodge numbers are equal.
Theorem 22. [D, Thm.2] Let X be a complex quasiprojective variety. Sup-
pose that X is a finite disjoint union X = X1 ∪ · · · ∪Xn where the Xi are
quasiprojective subvarieties. Then
χp,qc (X) =
∑
i
χp,qc (Xi).
Consider X smooth projective, and Y smooth projective of codimension
1 in X. We are interested in the mixed Hodge structure of U = X \ Y . We
consider the Gysin map
Hk−2(Y )→ Hk(X,U)→ Hk(X).
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It turns out that to make this a map of Hodge structures, it is sufficient to
shift the weights up by (1,1) [Ho, Sec.2.1], then we use:
Theorem 23. [Ho, Thm. 10] The Gysin map δk : H
k−2(Y ) ⊗ Q(−1) →
Hk(X) is a map of Hodge structures of weight k on ker δk and coker δk.
Furthermore, the weight filtrations on ker δk+1 and coker δk are the same as
those induced by the Hodge filtration on Hk(U) via the short exact sequence
(arising from the Gysin sequence)
0→ coker δk → H
k(U)→ ker δk+1 → 0.
Corollary 24. [Ho, Cor. 11] Hn(U) admits a natural mixed Hodge structure
with weight filtration
W kHn(U) =


0 k < n,
imHn(X) k = n,
Hn(U) k > n,
and Hodge filtration F pHn(U) given by classes represented by ≥ p-holomorphic
logarithmic differential forms such that
Grk Hn(U) =


0 k < n, k > n+ 1,
coker δn k = n,
ker δn+1 k = n+ 1.
where the kernel and cokernel of δk are given by their natural Hodge struc-
tures (δk is a map of Hodge structures H
k−2(Y )⊗Q(−1)→ Hk(X)).
Let W be a smooth projective variety and U ⊂ W a non-empty open
subset of W . Let c be the maximal dimension of an irreducible component
of W \U . Since ΩpW is locally free for each p = 0, . . . ,dimW , the restriction
map
Hi(W,ΩpW )→ H
i(U,ΩpU )
is bijective if i ≤ dim(W )− c− 2 and injective if i = dim(W )− c− 1.
Recall that given a complex algebraic variety X with a weight filtration
W and a Hodge filtration F of its cohomology H∗(X) (or of its cohomology
with compact support H∗c (X)), the graded Euler characteristics of X are
defined as
χ(X) =
∑
(−1)k dimHk(X),
χm(X) =
∑
(−1)k dimGrWm H
k(X),
χp,q(X) =
∑
(−1)k dimGrpFGr
W
p+q H
k(X),
and similarly χc(X), χcm(X) and χ
c
pq(X) with H
∗
c (X) in place of H
∗(X) for
cohomology with compact support. These satisfy:
χ(X) =
∑
m χm(X),
χm(X) =
∑
p+q=m χ
p,q(X).
For X smooth of dimension n, [D, p. 100] shows that Poincare´ duality
implies
χp,qc (X) = χ
n−p,n−q(X). (6)
If X is smooth projective, then
χ(X) =
∑
m
(−1)m dimHm(X). (7)
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If in addition all the odd Betti numbers of X are zero (e.g. if X = FΘ×FΘ∗
or X = F (1, n)), then
χ(X) =
∑
m
dimHm(X). (8)
6.0.1. The Hodge structure of On. We consider now the adjoint orbit On as
defined in 1, so that U = O(H0) ≃ T
∗Pn. In this case the compactification is
W = Pn×Pn∗ andW \U = F (1, n) is a flag variety. Here c = dim(W \U) =
dimF (1, n) = 4n−2 (over R). We identify Pn and Pn∗ using the Riemannian
metric. Projection onto the second coordinate π1 : F (1, n) → P
n, endows
F (1, n) with the structure of a locally trivial Pn−1 bundle over Pn. Even
though this bundle is not trivial, its cohomology is the same as the one of
the product. Therefore, an application of the Ku¨nneth formula gives:
hu,v(F (1, n)) =
∑
p+r=u
q+s=v
hp,q(Pn)hr,s(Pn−1).
Thus,
hu,v(F (1, n)) = hu,v(Pn×Pn−1) =


0 if u 6= v or u+ v > 2n − 1,
u+ 1 if 0 ≤ u = v ≤ n− 1,
2n− u if n ≤ u = v ≤ 2n− 1.
(9)
Example 25. For our first example we consider the case n = 1. Here we
consider H0 = Diag(1,−1) and F (1, 1) = P
1. Applying theorem 22 we get:
χp,qc (P
1 × P1
∗
) = χp,qc (O1) + χ
p,q
c (P
1),
and we obtain
χp,qc (O1) =
{
1 if p = q = 1 or p = q = 2,
0 otherwise.
Thus, duality 6 gives
χp,q(O1) =
{
1 if p = q = 0 or p = q = 1,
0 otherwise.
Example 26. We now generalize to higher n. Here H0 = Diag(n,−1, . . . ,−1).
Applying theorem 22 to W = Pn × Pn∗, U = O(H0) = On and W \ U =
F (1, n), for all p, q we have
χp,qc (W ) = χ
p,q
c (On) + χ
p,q
c (F (1, n)). (10)
These are all zero for p 6= q. Using formula 9, we obtain the following
numbers:
χp,pc (W ) χ
p,p
c (F (1, n)) χ
p,p
c (On)
0 ≤ p ≤ n− 1 p+ 1 p+ 1 0
p = n p+ 1 p 1
n+ 1 ≤ p ≤ 2n− 1 2n− p+ 1 2n− p 1
p = 2n 1 0 1
Thus
χp,qc (On) =
{
1 if n ≤ p = q ≤ 2n,
0 otherwise.
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Since On is smooth, connected and quasi-projective of dimension 2n, the
Poincare´ duality formula 6 gives
χp,qc (On) = χ
2n−p,2n−q(On).
So,
χp,q(On) =
{
1 if 0 ≤ p = q ≤ n− 1,
0 otherwise.
We also know the cohomologies with integer coefficients, in fact, since
there is a real diffeomorphism On ≃ T
∗Pn the homotopy type of On is that
of Pn. Here odd Betti numbers are zero and we tabulate the even Betti
numbers:
h2p(W ) h2p(F (1, n)) h2p(On)
0 ≤ p ≤ n− 1 p+ 1 p+ 1 1
p = n p+ 1 p 1
n+ 1 ≤ p ≤ 2n− 1 2n− p+ 1 2n − p 0
p = 2n 1 0 0
Following [Ho], we use the Gysin sequence
. . .→ Hk−2(Y )→ Hk(W )→ Hk(On)→ H
k−1(Y )→ . . . (11)
and the induced maps of Hodge structures
δk : H
k−2(Y )⊗Q(−1)→ Hk(X)
to find the Hodge structure of On.
Example 27. For n = 1 we have that the homotopy type of O1 is that of P
1,
so the only relevant cohomology is the second one. Using 11 with k = 2 we
get
H1(O1)→ H
0(P1)→ H2(P1 × P1)→ H2(O1)→ H
1(P1)→ .
Thus,
0→ H0(P1) = Z→ H2(P1 × P1) = Z⊕ Z→ H2(O1) = Z→ 0→ ,
so the map of Hodge structures
δ2 : H
0(P1)⊗Q(−1)→ H2(P1 × P1)
is injective, and Corollary 24 gives that
W k H2(O1) =
{
0 k < 2,
H2(O1) k ≥ 2.
and Hodge filtration F pHn(O1) given by classes represented by≥ p-holomorphic
logarithmic differential forms such that
Grk Hn(O1) =
{
0 k 6= 2,
H2(O1) k = 2.
Example 28. For n = 2 we have that the homotopy type of O2 is that
of P2, so the relevant cohomologies are 2 and 4. In this case O2 has the
diffeomorphism type of T ∗P2,W = P2×P2
∗
and F (1, 2) has the cohomology
of P2 × P1. Using 11 with k = 2 we get
H1(O2)→ H
0(F(1, 2)) → H2(P2 × P2)→ H2(O2)→ H
1(F(1, 2))→ .
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Thus,
0→ H0(F(1, 2)) = Z→ Z⊕ Z→ H2(O2) = Z→ 0→ ,
so the map of Hodge structures
δ2 : H
0(F(1, 2)) ⊗Q(−1)→ H2(P2 × P2)
is injective and and Corollary 11 gives that
W k H2(O2) =
{
0 k < 2,
H2(O2) k ≥ 2.
and Hodge filtration F pH2(O(H0)) given by classes represented by ≥ p-
holomorphic logarithmic differential forms such that
Grk Hn(U) =
{
0 k 6= 2,
H2(O2) k = 2.
Next, we use 11 with k = 4 and get
H3(O2)→ H
2(F(1, 2)) → H4(P2 × P2)→ H4(O2)→ H
3(F(1, 2))→ .
Thus,
0→ H2(F(1, 2)) = Z⊕Z→ H4(P2×P2) = Z⊕Z⊕Z→ H4(O2) = Z→ 0→ ,
so the map of Hodge structures
δ4 : H
0(F(1, 2)) ⊗Q(−1)→ H2(P2 × P2)
is injective, and Corollary 11 gives that
W k H4(O2) =
{
0 k < 4,
H4(O2) k ≥ 4.
and Hodge filtration F pHn(O2) given by classes represented by≥ p-holomorphic
logarithmic differential forms such that
Grk Hn(O2) =
{
0 k 6= 4,
H4(O2) k = 4.
Example 29. Generalization to higher dimensions is clear, and we have al-
ways a trivial weight filtration on On:
W kHn(On) =
{
0 k < n,
Hn(On) k ≥ n.
Hence, generalizing example 28 we obtain that the Hodge structures all
minimal adjoint orbits On are pure.
6.0.2. (p, p) cohomology only. We show that our LGmodels are Hodge–Tate.
Let Z = BlIP
n × Pn be and let E be the exceptional divisor. So we have
that Z\E = Pn × Pn\I. We first compute the Hodge numbers of E, and
show:
Lemma 30. The exceptional divisor E has only (p, p) cohomology.
Proof. Firstly, observe that F (1, n) is a P1-bundle over I. Secondly, observe
that E is a P1-bundle over I. So we have the Hodge polynomials
α(E) = α(F (1, n)).
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On the other hand F (1, n) fibres over Pn with fibre Pn−1. Projective space
has the Hodge polynomial α(Pn) = 1 + uv + · · ·+ unvn. Thus,
α(F (1, n)) = (1 + uv + · · ·+ un−1vn−1)(1 + uv + · · ·+ unvn) = α(E).

Remark 31. We observe that On has trivial canonical bundle, or equivalently,
Pn × Pn \ F (1, n) has a trivial canonical bundle. We show there exists a
nowhere vanishing section of ωPn×Pn\F (1,n). This is true for the following
reason. It is sufficient to find a nowhere vanishing section of ω∨
Pn×Pn\F (1,n).
We have ωPn×Pn ∼= OPn×Pn(−n − 1,−n − 1) and F (1, n) ∈ |OPn×Pn(1, 1)|.
Thus (n+1)F (1, n) induces an element of ω∨Pn×Pn vanishing only at F (1, n).
Lemma 32. If p 6= q then the KKP numbers of LGn vanish, that is,
fp,q(Y,w) = hp,q(Y,w) = ip,q(Y,w) = 0.
Proof. Example 29 describes the trivial weight filtration on the orbit Y = On
showing the Hodge structure of On is pure. By lemma 30 we have that the
Hodge numbers of E vanish for p 6= q, and similarly for the compactification
Z = On ∪ E obtained by blowing up P
n × Pn at I. By theorem 21, the
same is also true for orbit On. Lemma 20 shows that the compactified
Landau–Ginzburg model w : Z → P1 has no critical points at infinity, that
is, over E. It then follows that the log of the monodromy operator at infinity
N is trivial for all cohomology groups, forcing the first Hodge theoretical
invariants, hp,q(Y,w), to vanish when p 6= q.
The numbers fp,q(Y,w) can be computed from the dimensions of the
Hodge graded pieces of the canonical mixed Hodge structure on the relative
cohomology Hm(Y, Yb) using results from [Ha] or [Sh]. For the cases we
consider here, the equality fp,q(Y,w) = hp,q(Y,w) follows from [Ha, Thm. 3],
which shows that the fp,q Hodge numbers are computed from the dimensions
of the Hodge graded pieces of the pair (Y,w), implying that fp,q(Y,w) =
hp,q(Y,w).
Lemma 20 also verifies that our compactified Lefschetz fibration w : Z →
P1 without critical points at infinity has the same critical points as f , con-
sequently, by standard results for vanishing cycles in Lefschetz theory, we
know that there exist n+1 vanishing cycles in middle cohomology for w, one
for each of its critical points. Furthermore, we also know that the relative co-
homologies Hm(Y, Yb;C) vanish for m 6=
1
2 dim Y , and H
2n(Y, Yb;C) = n+ 1
where 2n equals half the real dimension of Z (see Prop. 33 for an alternative
proof).
To complete the proof showing that the third invariant, ip,q(Y,w) = 0
unless p = q = n, we work in the opposite direction. [KKP] proved the
equality
Hm(Y, Yb;C) =
∑
p+q=m
ip,q(Y,w).
Therefore, it remains to verify that in,n(Y,w) = n + 1. Let λi be a critical
value of w. Since w is a Lefschetz fibration and dimZ = 2n, the potential
w can be written in the form z21 + · · ·+ z
2
2n around the critical point. Hence,
the monodromy around the singular fibre Yλi is a Dehn twist with local
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monodromy given by a matrix T =
(
1 1
0 1
)
applied to local coordinates of
Cn ⊕ Cn. Consequently, N = log T =
(
0 1
0 0
)
and N2 = 0. It then follows
that the weight filtration corresponding to this monodromy around Yλi has
only one step, and the critical point with critical value λi contributes with
a +1 towards the value of in,n(Y,w). Summing over all critical points we
then get in,n(Y,w) = n+ 1. 
7. KKP numbers for minimal adjoint orbits
We now calculate the KKP numbers for the Landau–Ginzburg model LGn
(see 13).We write down the Hodge diamonds of On, of its partial compacti-
fication On and the divisor Dn at infinity, that is,
On = On∪˙Dn.
7.1. Classical Hodge numbers of LG2. Here we exhibit the Hodge dia-
monds corresponding to O2 = O2∪˙D2.
0
0 0
∞ 0 0
∞ 0
∞
O2
1
0 0
1
D2
Figure 1. Hodge diamonds for O2 and D2, followed by O2
1
0 0
0 2 0
0 0
1
O2
7.2. KKP numbers of LG2. Now, for LG2 we want to compute the KKP
numbers fp,q(Y,w), hp,q(Y,w), ip,q(Y,w) defined in section 2. These Hodge
theoretical invariants are for the tamely compactified Landau–Ginzburg
model w : Z → C as defined in lemma 20. [KKP] showed that these in-
variants satisfy the equalities
dimHm(Y, Yb;C) =
∑
p+q=m
fp,q(Y,w) =
∑
p+q=m
hp,q(Y,w) =
∑
p+q=m
ip,q(Y,w),
where Yb is a smooth fibre of w. Since here, by sections 6.0.1 and 6.0.2, our
spaces have only (p, p) cohomologies each of the sums reduce to a single term,
in particular the KKP conjecture is satisfied for LG2. To find the invariants
we only need to calculate the relative cohomology, which is invariant by
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homotopy. For LG2, using [GGSM2, Thm. 2.1], we have that Y = O2 ∼ P
1
(∼ denotes homotopy equivalence) and using [GGSM1, Cor. 3.4] and the fact
that fH has 2 critical points, we get that Yb ∼ P
1 \ {N,S} ∼ S1. Now we
consider the exact sequence of the pair
. . .→ Hi(Y, Yb;C)→ H
i(Y ;C)→ Hi(Yb;C)→ H
i+1(Y, Yb;C)→ . . .
Putting Y = S2 and Yb = S
1, the sequence becomes
0→ H0(S2, S1;C)→ H0(S2;C)→ H0(S1;C)→ H1(S2, S1;C)→ H1(S2;C)
→ H1(S1;C)→ H2(S2, S1;C)→ H2(S2;C)→ H2(S1;C)
and we obtain
0→ H0(S2, S1;C)→ C
≃
→ C→ H1(S2, S1;C)→ 0
→ C→ H2(S2, S1;C)→ C→ 0.
Therefore,
H0(S2, S1;C) = 0, H1(S2, S1;C) = 0, H2(S2, S1;C) = C⊕ C.
We conclude that
f1,1(Y,w) = h1,1(Y,w) = i1,1(Y,w) = h2(Y, Yb) = 2,
and vanish for (p, q) 6= (1, 1). Observe also that h1,1(O2, fH) = 2 = h
1,1(O2).
Therefore, the KKP diamond for LG2 is:
0
0 0
0 2 0
0 0
0
7.3. Hodge numbers of LG3. In this case we have that O3 has the ho-
motopy type of T ∗P2, but it is an affine variety, whereas D3 = F (1, 2) and
O3 = P
2 × P2.
0
0 0
0 0 0
0 0 0 0
∞ 0 0 0 0
∞ 0 0 0
∞ 0 0
∞ 0
∞
O3
1
0 0
0 2 0
0 0 0 0
0 2 0
0 0
1
D3
Figure 2. Hodge diamonds for O3 and D3, followed by O3
KKP CONJECTURE FOR MINIMAL ADJOINT ORBITS 20
1
0 0
0 2 0
0 0 0 0
0 0 3 0 0
0 0 0 0
0 2 0
0 0
1
O3
7.4. KKP numbers of LG3. Calculations go along the same lines as those
in 7.2, but are geometrically more intricate. First observe that Y = T ∗P2 ∼
P2, and that the regular fibre Yb, corresponds to P
2\{P1, P2, P3} where
P1, P2, P3 are three points in P
2. Denote by Di a small open disc around
Pi, hence a 4-dimensional disc. Then consider the following decomposition
P2 = A ∪B where:
• A = D1 ∪D2 ∪D3 ,
• B = P2\{P1, P2, P3}.
Mayer–Vietoris gives:
→ Hi(P2;C)→ Hi(A;C) ⊕Hi(B;C)→ Hi(A ∩B;C)→ Hi+1(P2;C)→
Noting that A∩B = D1\{P1} ∪D2\{P2} ∪D3\{P3} and Di\{Pi} ∼ S
3 the
above sequence gives:
0→ C→ C⊕ C⊕ C⊕H0(B;C)→ C⊕ C⊕ C→
0→ 0⊕H1(B;C)→ 0→
C→ 0⊕H2(B;C)→ 0→
0→ 0⊕H3(B;C)→ C⊕ C⊕ C→ C→ 0.
Here, we have that Yb = B and we get that:
Hi(Yb;C) =


C if i = 0, 2,
C⊕ C if i = 3,
0 otherwise.
(12)
Now consider the long exact sequence of the pair:
0→ . . .→ Hn(Y, Yb;C)
j∗
→ Hn(Y ;C)
i∗
→ Hn(Yb;C)
δ
→ Hn+1(Y, Yb;C)→ . . .
Using 12, the above sequence reduces to:
0→ H0(Y, Yb;C)→ C→ C→ H
1(Y, Yb;C)→ 0→ 0→
H2(Y, Yb;C)→ C→ C→ H
3(Y, Yb;C)→ 0→ C⊕C→ H
4(Y, Yb;C)→ C→ 0.
Thus we conclude that
Hi(Y, Yb;C) =
{
C⊕ C⊕ C if i = 4,
0 otherwise.
It follows that the KKP diamond for LG3 is:
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0
0 0
0 0 0
0 0 0 0
0 0 3 0 0
0 0 0 0
0 0 0
0 0
0
7.5. KKP numbers for LGn. We now consider the general case of the
minimal adjoint orbit On of sl(n + 1,C). We denote by Y the adjoint or-
bit On of the element Diag(n,−1, . . . ,−1) and by Yb a regular fibre of the
superpotential fH .
Proposition 33. h2k(Y, Yb;C) =
{
k + 1 if k = n,
0 otherwise.
Proof. Using [GGSM2, Thm. 2.1], we have that Y = On ∼ P
n (∼ denotes ho-
motopy equivalence) and using [GGSM1, Cor. 3.4] and the fact that fH has
n+1 critical points, we get that Yb ∼ P
n\{P1, . . . , Pn+1} where P1, . . . , Pn+1
are points in Pn. We begin considering the decomposition Pn = A∪B where:
• A = D1 ∪ . . . ∪Dn+1 with Di an open disc around Pi and
• B = Pk\{P1, . . . , Pn+1} ∼ Yb.
Mayer-Vietoris gives:
. . .→ H2k(Pn;C)→ H2k(A;C)⊕H2k(B;C)→ H2k(A∩B;C)→ H2k+1(Pn;C)→ . . .
Here A∩B is the union of n+1 punctured discs, therefore has the cohomology
of
⋃n+1
i=1 S
2n−1. Thus, the Mayer–Vietoris sequence becomes:
0→ C → C⊕n+1 ⊕H0(B;C) → C⊕n+1 →
0 → 0⊕H1(B;C) → 0→
C → 0⊕H2(B;C) → 0→
...
...
...
→ C → 0⊕H2k−2(B;C) → 0→
0 → 0⊕H2k−1(B;C) → C⊕n+1 →
C → C⊕n+1 ⊕H2k(B;C) → 0→ 0
and we conclude that:
Hi(Yb;C) =


C i even, i < 2n− 1,
C⊕n+1 i = 2n− 1,
0 otherwise.
To compute the relative cohomology H∗(Y, Yb;C) we consider the long exact
sequence of the pair:
. . .→ Hn(Y, Yb;C)
j∗
→ Hn(Y ;C)
i∗
→ Hn(Yb;C)
δ
→ Hn+1(Y, Yb;C)→ . . .
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Note that the cohomology of Y ∼ Pn is the same as that of Yb from 0 to
2n− 2, therefore we conclude that:
Hi(Y, Yb;C) =
{
C⊕n+1 i = 2n,
0 otherwise.

Thus, the KKP diamond of the (Y, Yb) is the following:
0
0 0
0 0 0
0 0 0 0
0 0 0 0 0
0 0 0 0 0 0
...
0 0 0 · · · n+ 1 · · · 0 0 0
...
0 0 0 0 0 0
0 0 0 0 0
0 0 0 0
0 0 0
0 0
0
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